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We construct exact solutions representing a Friedmann-Lemaˆıtre-Robsertson-Walker (FLRW) uni-
verse in a generalized hybrid metric-Palatini theory. By writing the gravitational action in a scalar-
tensor representation, the new solutions are obtained by either making an ansatz on the scale factor
or on the effective potential. Among other relevant results, we show that it is possible to obtain
exponentially expanding solutions for flat universes even when the cosmology is not purely vacuum.
We then derive the classes of actions for the original theory which generate these solutions.
PACS numbers: 04.50.Kd,04.20.Cv,
I. INTRODUCTION
The late-time cosmic accelerated expansion [1, 2] has
posed important and challenging problems to theoretical
cosmology. Although the standard model of cosmology
has favored dark energy models [3] as fundamental candi-
dates responsible for the accelerated cosmic expansion, it
is also viable that this expansion is due to modifications
of general relativity [4, 5], which introduce new degrees
of freedom to the gravitational sector itself. Indeed, the
phenomenology of f(R) gravity, where R is the metric
Ricci curvature scale and f a general function, has been
scrutinized motivated by the possibility to account for
the self-accelerated cosmic expansion without invoking
dark energy sources [6, 7]. Besides, this kind of modified
gravity is capable of addressing the dynamics of several
self-gravitating systems alternatively to the presence of
dark matter [8, 9]. In this approach of f(R) gravity,
and using its equivalent scalar-tensor representation, one
can show that in order to satisfy local, i.e., solar sys-
tem, observational constraints a large mass of the scalar
field is required, which scales with the curvature through
the chameleon mechanism [10, 11]. In turn, this has un-
desirable effects at cosmological scales. There are other
drawbacks in these models, see [6–9]. A Palatini version
of the f(R) gravity theory, where the connection rather
than the metric represents the fundamental gravitational
field, has been proposed [12], and it has been established
that it has interesting features but the manifest deficien-
cies and downsides of the metric f(R) gravity also appear
[12].
A hybrid combination of the two versions of the f(R)
gravity theories, containing elements from both of the
∗ joaoluis92@gmail.com
† sante.carloni@gmail.com
‡ joselemos@ist.utl.pt
§ fslobo@fc.ul.pt
two formalisms, i.e., a hybrid metric-Palatini theory, con-
sists of adding an f(R) term constructed a` la Palatini
to the Einstein-Hilbert Lagrangian [13]. It turns out to
be very successful in accounting for the observed phe-
nomenology and is able to avoid some of the shortcom-
mings of the original approaches [14]. In the scalar-tensor
representation of the hybrid metric-Palatini theory there
is a long-range light mass scalar field, which is able to
modify, in a way consistent with the observations, the
cosmological and galactic dynamics, but leaves the solar
system unaffected [15, 16]. This light scalar field thus
allows to evade the screening chameleon mechanism. In
addition, absence of instabilities in perturbations were
also verified in this model [17].
The theory was further developed into a generalized
hybrid metric-Palatini theory, in which a general func-
tion, f (R,R), was postulated depending on both the
metric and Palatini curvature scalars, R and R, respec-
tively [18]. Of course, the positive aspects of the ini-
tial hybrid metric-Palatini theory are preserved, namely,
the consistency with cosmological and galactic dynam-
ics, and correct solar system tests [19, 20], see [21] for
a review. There are other developments. Considering
linear homogeneous perturbations, the stability regions
of the Einstein static universe were analyzed, and it was
shown that a large class of stable solutions exists [22].
In addition, the full set of linearized evolution equations
for the perturbed potentials, in the Newtonian and syn-
chronous gauges, were derived. It was concluded that
the main deviations from general relativity arise in the
distant past, with an oscillatory signature in the ratio be-
tween the Newtonian potentials [23]. Furthermore, using
specific models and a combination of cosmic microwave
background, supernovae and baryonic acoustic oscilla-
tions background data, it was shown that the model’s free
parameters are in agreement with the observational con-
straints [24, 25]. It was also shown in this theory that the
initial value problem can always be well-formulated and
be well-posed depending on the adopted matter sources
[26].
ar
X
iv
:1
70
3.
03
33
5v
2 
 [g
r-q
c] 
 14
 Ju
l 2
01
7
2The understanding and the building of solutions in
complex theories like the generalized hybrid metric-
Palatini gravity, and its scalar-tensor representation, is
a difficult task. Among other methods to find solutions,
the reconstruction technique method has been often valu-
able in this search. This method was first employed in
[27] in order to select the form for the inflation poten-
tial able to resolve the open problems of the inflationary
paradigm, e.g., the graceful exit. Also other elegant at-
tempts were made to generalize this approach to nonmin-
imally coupled scalar-tensor theories with a single scalar
field [28].
In this work, we aim to find cosmological solutions in
the generalized hybrid metric-Palatini gravity proposed
in [18] through the use of its scalar-tensor representa-
tion. We will then devise a reconstruction technique algo-
rithm for scalar-tensor theories in a Friedmann-Lemaˆıtre-
Robsertson-Walker (FLRW) universe and we will show
that the generalized theory through its scalar-tensor rep-
resentation provides a very rich structure in astrophysi-
cal and cosmological applications. In particular, we will
find that the cosmology of the generalized hybrid metric-
Palatini gravity can differ in subtle ways from both gen-
eral relativity and f(R) gravity. In principle these dif-
ferences can be used in combination with observational
data to verify the viability of this class of theories.
This paper is organized in the following manner: In
Sec. II, we present the formalism of the generalized hy-
brid metric-Palatini gravity, and express the action in
the scalar-tensor representation. In Sec. III, we consider
the cosmological dynamics of FLRW spacetimes, using
the scalar-tensor representation of the hybrid theory. In
Sec. IV, we obtain, from the solutions found in the scalar-
tensor representation, the specific forms for f (R,R). In
Sec. V, we set out our conclusions.
II. GENERALIZED HYBRID GRAVITY:
FORMALISM
A. Action and field equations for the generalized
hybrid gravity
Consider the action of the generalized hybrid metric-
Palatini modified theory of gravity, given by (the velocity
of light is set to one)
S =
1
2κ2
∫
Ω
√−gf (R,R) d4x+ Sm(gab, χ), (1)
where κ ≡ 8piG, G is the gravitational constant, g is
the determinant of the metric gab, f is a function of R
and R, and Sm is the matter action, in which matter is
minimally coupled to the metric gab, and χ collectively
denotes the matter fields. R is the metric Ricci scalar
and R ≡ gabRab is the Palatini scalar curvature, with
Rab being defined in terms of an independent connection
Γˆcab as,
Rab = ∂cΓˆcab − ∂bΓˆcac + ΓˆccdΓˆdab − ΓˆcadΓˆdcb . (2)
One can also use the additional independent connection
as a building block to construct higher order curvature
invariants, in the action S = 12κ2
∫
d4x
√−g f(R,R,QH),
where the term QH , can take the following forms
RµνRµν , RµνRµν , RµναβRµναβ , RµναβRµναβ , RR, etc.
However we will not consider these cases here. Relative
to the presence of Ostrogradski instabilities, in the hy-
brid theory, like in f(R)-gravity, it is possible to avoid
the problem by allowing a separation of the additional de-
grees of freedom into a harmless scalar degree of freedom
[6, 7]. In fact, it turns out that this feature is a simi-
lar exception in the larger space of metric-affine theories,
where a generic theory is plagued by ghosts, superlumi-
nalities and other unphysical degrees of freedom [17].
Varying the action (1) with respect to the metric gab
and the independent connection, yields the following field
equations
∂f
∂R
Rab +
∂f
∂RRab −
1
2
gabf (R,R)
− (∇a∇b − gab) ∂f
∂R
= κ2Tab, (3)
and
∇ˆc
(√−g ∂f
∂Rg
ab
)
= 0, (4)
respectively. The equation of motion (4) implies that the
independent connection is the Levi-Civita connection of
a new metric tensor hab which is conformally related to
gab by the relation
hab = gab
∂f
∂R . (5)
The independent connection can then be written in terms
of the new metric as
Γˆabc =
1
2
had (∂bhdc + ∂chbd − ∂dhbc) . (6)
Thus, the new metric hab is an auxiliary metric related
to the independent connection, that was used to define
the Palatini tensor, given by Eq. (2). We emphasize
that matter is coupled to the physical metric gab, so that
only the Levi-Civita connection Γabc(g) should be used
in the geodesic equation applied to the metric-Palatini
theory. Note that since the matter action Sm does not
depend on the independent connection Γˆ, the equation of
motion for this connection is independent of the stress-
energy tensor, whereas the same does not happen to the
equation of motion of the metric gab.
B. Scalar-tensor representation
It is useful to express the action (1) in a scalar-tensor
representation. This can be achieved by considering an
3action with two auxiliary fields, α and β, respectively, in
the following form
S =
1
2κ2
∫
Ω
√−g
[
f (α, β) +
∂f
∂α
(R− α)
+
∂f
∂β
(R− β)
]
d4x+ Sm. (7)
Putting α = R and β = R we recover action (1). To
proceed, we define two scalar fields as
ϕ =
∂f
∂α
, (8)
ψ = −∂f
∂β
, (9)
where the negative sign in Eq. (9) is imposed to guarantee
a positive kinetic energy for the scalar field. Defining a
potential V as
V (ϕ,ψ) = −f (α, β) + ϕα− ψβ , (10)
the action equivalent to (7) is of the form
S =
1
2κ2
∫
Ω
√−g [ϕR− ψR− V (ϕ,ψ)] d4x+ Sm , (11)
where the variation of the matter action Sm with respect
to the metric gab yields the stress-energy tensor Tab.
It is important to stress that in this representation the
scalar fields are not actually matter fields but only alter-
native representations of the curvatures R and R, and
consequently they are allowed to assume values, such as
negative ones, which would not be physically valid.Also,
since we imposed the signs on the definitions of ψ and ϕ
to guarantee that the kinetic energies are positive, then
we should not worry about ghost instabilities. This range
of values corresponds in the generalized hybrid gravity
picture to some specific behavior of the derivatives of the
function f in the action. That said, it should also be clear
that zeros for the scalar fields are problematic points in
terms of the relation between the representations. In the
following, the solutions we will obtain are only valid in
the interval between the zeros of the scalar fields. In
addition, it should be remarked that the scalar field rep-
resentation will only be meaningful provided that R and
R can be expressed in terms of the scalar fields. This
is not the case for all forms of the function f . In the
next sections we will show some examples in which the
consequences of these limitations become important.
Taking into account that hab = −ψ gab, see Eqs. (5)
and (9), we have
R = R+ 3
ψ2
∂aψ∂aψ − 3
ψ
ψ . (12)
Thus, we can replace R in the action (11), to obtain
S =
1
2κ2
∫
Ω
√−g
[
(ϕ− ψ)R− 3
2ψ
∂aψ∂aψ
−V (ϕ,ψ) ]d4x+ Sm. (13)
Varying the previous action, Eq. (13), with respect to
the metric gab and the scalar fields ϕ and ψ, and rearrang-
ing terms, we obtain the following equations of motion
(ϕ− ψ)Gab = κ2Tab + (∇a∇b − gab) (ϕ− ψ)
+
3
2ψ
∂aψ∂bψ +
(
1
2
V +
3
4ψ
∂cψ∂cψ
)
gab , (14)
ϕ+ 1
3
(2V − ψVψ − ϕVϕ) = κ
2T
3
, (15)
ψ − 1
2ψ
∂aψ∂aψ − ψ
3
(Vϕ + Vψ) = 0 , (16)
respectively, where Vϕ and Vψ are defined by
Vϕ ≡ ∂V
∂ϕ
, Vψ ≡ ∂V
∂ψ
, (17)
respectively.
The dynamical equation for ϕ, Eq. (15), can be ob-
tained in the following manner. The variation of the
action with respect to ϕ gives
R = Vϕ. (18)
Then, taking the trace of Eq. (14) and inserting R = Vϕ
gives Eq. (15). The latter equation shows an important
difference between the two scalar fields, namely, ϕ is cou-
pled to matter whereas ψ, given through Eq. (16), is not.
This fact will have important consequences when we will
look for cosmological solutions in which matter is present.
III. COSMOLOGICAL EQUATIONS AND
SOLUTIONS FOR THE GENERALIZED HYBRID
GRAVITY IN THE SCALAR-TENSOR
REPRESENTATION
A. Cosmological equations in the scalar-tensor
representation
In this section, we consider the FLRW spacetime with
the spatial curvature parameter k, where k can assume
three values, k = −1, 0, 1. In spherical coordinates
(t, r, θ, φ) the line element can be written as
ds2 = −dt2 + a2 (t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
]
,
(19)
where a(t) is the scale factor. We also assume that the
cosmological scalar fields are time-dependent, ϕ = ϕ (t),
ψ = ψ (t), and that the matter is described by a perfect
fluid,
T ab = diag (−ρ, p, p, p) , (20)
so that the trace is given by
T = T aa = −ρ+ 3p , (21)
4with ρ and p being the energy density and the pressure of
the fluid, respectively, and both are assumed to depend
solely on t.
Then the modified cosmological equations for this case
can be obtained by computing directly the two inde-
pendent components of the gravitational field equation,
Eq. (14), i.e., the Friedmann equation
3
(
a˙
a
)2
+
3k
a2
=
1
ϕ− ψ
[
κ2ρ+
V
2
+3
(
ψ˙2
4ψ
−
(
a˙
a
)(
ϕ˙− ψ˙
))]
, (22)
and the Raychaudhuri equation
2
d
dt
(
a˙
a
)
− 2k
a2
=
1
ϕ− ψ
[
− κ2 (ρ+ p)− 3ψ˙
2
2ψ
+
(
a˙
a
)(
ϕ˙− ψ˙
)
−
(
ϕ¨− ψ¨
)]
, (23)
respectively, where a dot means differentiation with re-
spect to t, ˙≡ d/dt.
The evolution equations for the scalar fields, Eqs. (15)
and (16), take the following forms
ϕ¨+ 3
(
a˙
a
)
ϕ˙− 1
3
[2V − ψVψ − ϕVϕ] = −κ
2T
3
, (24)
ψ¨ + 3
(
a˙
a
)
ψ˙ − ψ˙
2
2ψ
+
ψ
3
(Vϕ + Vψ) = 0 , (25)
respectively.
Now, an equation for the potential can be obtained by
multiplying Eq. (23) by 3/2, summing it to Eq. (22), and
using Eqs. (24) and (25) to cancel the terms ϕ¨ and ψ¨,
similarly to the method performed in [28]. The result is
as follows,
Vϕ = 6
[
d
dt
(
a˙
a
)
+ 2
(
a˙
a
)2
+
k
a2
]
. (26)
Finally, the equations to describe the evolution of mat-
ter are an equation of state of the form
p = wρ, (27)
where w is a parameter without units, and the conserva-
tion law for the stress-energy tensor ∇aT ab = 0, which
becomes, using the equation of state (27),
ρ˙ = −3 a˙
a
ρ (1 + w) . (28)
We have now a system of five independent equations,
namely (24)–(28), that we have to solve for the seven in-
dependent variables k, a, ρ, p, V, ϕ, and ψ. We will choose
some specific geometry, i.e., we choose k. We can then
impose one extra constraint to the system in order for
it to have a unique solution. In the following, we shall
impose different constraints and obtain their respective
solutions.
It is also useful to define the Hubble function or pa-
rameter H as usual
H =
a˙
a
, (29)
which is a function of t. With Eq. (29) we can trade a(t)
for H(t) and vice versa.
B. Cosmological solutions in the scalar-tensor
representation
1. The de Sitter solution
In this section, we try to find a solution of the form
of a de Sitter expansion. To do so we set the matter
component to be vacuum, that is, ρ = p = 0. This choice
means that we actually do not need Eqs. (27) and (28)
to solve the system.
We also choose a flat universe, i.e., k = 0 and a scale
factor described by
a (t) = Ae
√
Λ (t−t0) , (30)
where A and Λ are free constants, and Λ can be seen as
some cosmological constant. This scale factor is plotted
in Fig. 1.
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FIG. 1. Plot of the scale factor a(t) for the de Sitter case,
given in Eq. (30), for the values a0 = 1, Λ = 1.
With these assumptions, Eq. (26) becomes
Vϕ = 12Λ. (31)
This equation can be directly integrated with respect to
ϕ to obtain a potential of the form
V (ϕ,ψ) = 12Λϕ+ b (ψ) . (32)
5where b (ψ) is an arbitrary function on ψ which arises
from the fact that the potential is a function of both
fields. These results leave Eqs. (24) and (25) as
ϕ¨+ 3
√
Λ ϕ˙− 1
3
[12Λϕ+ 2b (ψ)− ψb′ (ψ)] = 0 , (33)
ψ¨ + 3
√
Λ ψ˙ − 1
2
ψ˙2
ψ
+
1
3
ψ [12Λ + b′ (ψ)] = 0, (34)
respectively. In the particular case where
b (ψ) = −12Λψ , (35)
the potential becomes
V (ϕ,ψ) = 12Λ (ϕ− ψ) , (36)
and Eq. (34) can be divided by ψ˙ and directly integrated
over t to obtain the solution
ψ (t) = ψ0e
−6√Λ t
[
e3
√
Λ (t−t0) − 1
]2
, (37)
where t0 and ψ0 are constants of integration. In the same
case of Eq. (35), where b (ψ) = −12Λψ, Eq. (33) becomes
ϕ¨+ 3
√
Λ ϕ˙− 4Λ (ϕ− ψ) = 0, and upon using Eq. (37) it
can be integrated to obtain the solution
ϕ (t) =ψ0e
−6√Λ t0 − 2
7
ψ0e
−6√Λt
−2ψ0e−3
√
Λ(t+t0) + ϕ0e
−4√Λt + ϕ1e
√
Λt, (38)
where ϕ0 and ϕ1 are constants of integration. The so-
lutions for the scalar fields ψ (t) and ϕ (t) are plotted in
Figs. 2 and 3, respectively.
The solution is complete since k, a, ρ, p, V, ϕ, and ψ are
known.
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FIG. 2. Plot of the scalar field ψ(t) for the de Sitter case,
given in Eq. (37), for the values ψ0 = Λ = 1, and t0 = 0.
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FIG. 3. Plot of the scalar field φ(t) for the de Sitter case,
given in Eq. (38), for the values φ0 = φ1 = Λ = 1, and t0 = 0.
2. Solution with a simplified potential equation I
In this section, we set again the matter component to
be vacuum, i.e., ρ = p = 0, and we choose again a flat
universe, k = 0. Inspecting Eq. (26), we can see that it
simplifies if the first two terms within the brackets cancel
each other, i.e.,
H˙ + 2H2 = 0, (39)
where we have used the definition for the Hubble function
H, Eq. (29). Equation (39) has the following solution for
H,
H =
1
2 (t− t0) , (40)
where t0 is an integration constant. Now, using again
Eq. (29), then Eq. (40) can be integrated to obtain
a (t) = a0
√
2 (t− t0), (41)
where a0 is an integration constant. This solution is plot-
ted in Fig.4.
The interest in this solution resides in the fact that,
for a universe populated by radiation, we expect that
the behavior of the scale factor is proportional to
√
t,
but in this case the same behavior can be obtained with
ρ = 0.
With this set of assumptions, the equation for the po-
tential, Eq. (26), becomes
Vϕ = 0, (42)
which can be directly integrated to obtain
V (ϕ,ψ) = b (ψ) , (43)
where b (ψ) is an arbitrary function on ψ. Using Eqs. (41)
and (43), Eq. (25) for ψ becomes
ψ¨ +
3ψ˙
2 (t− t0) −
ψ˙2
2ψ
+
ψ
3
b′ (ψ) = 0. (44)
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FIG. 4. Plot of the scale factor a(t) for the case of the simpli-
fied potential I, given in Eq. (41), for the values a0 = 1, and
t0 = 0.
In the particular case where
b (ψ) = V0, (45)
with V0 a constant, the last term on the left-hand side
of Eq. (44) vanishes and the equation can be integrated
directly after dividing through by ψ˙, yielding the solution
ψ (t) =
ψ1
(
ψ0
√
2 (t− t0)− 1
)2
2 (t− t0) , (46)
where ψ0 and ψ1 are constants of integration. On the
other hand, the equation for ϕ, namely Eq. (24), takes
the form
ϕ¨+
3ϕ˙
2 (t− t0) −
1
3
[2b (ψ)− ψb′ (ψ)] = 0. (47)
Under the choice given in Eq. (43) for b (ψ), Eq. (47)
decouples completely from the equation for ψ, yielding
ϕ¨+
3ϕ˙
2 (t− t0) −
2
3
V0 = 0, (48)
which can be directly integrated to obtain the following
solution,
ϕ (t) =
2
15
V0t (t− 2t0)− ϕ0√
2 (t− t0)
+ ϕ1, (49)
where ϕ0 and ϕ1 are constants of integration. The so-
lutions for the scalar field ψ (t) and ϕ (t) are plotted in
Figs. 5 and 6, respectively.
The solution is complete since k, a, ρ, p, V, ϕ, and ψ are
known.
3. Solution with a simplified potential equation II
In this section, we set again the matter component
to be vacuum, ρ = p = 0, and we choose again a flat
0.0 0.2 0.4 0.6 0.8 1.0
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2.0
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ψ(t)
FIG. 5. Plot of the scalar field ψ(t) for the case of the simpli-
fied potential I, given in Eq. (46), for the values ψ0 = ψ1 = 1,
and t0 = 0.
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FIG. 6. Plot of the scalar field ϕ(t) for the case of the simpli-
fied potential I, given in Eq. (49), for the values ϕ0 = ϕ1 =
V0 = 1, and t0 = 0.
universe, k = 0. Taking into account Eq. (26), we look
for solutions in which the first two terms in the brackets
are equal to a constant Ω2/2 say, where the 2 enters for
convenience. Then Eq. (26) is now
H˙ + 2H2 +
Ω2
2
= 0 , (50)
where we have used the definition for the Hubble function
H, Eq. (29). This condition yields the solution
H = −Ω
2
tan [Ω (t− t0)] , (51)
where t0 is a constant of integration. Now, using again
Eq. (29), then Eq. (51) can be integrated to obtain the
scale factor,
a (t) = a0
√
cos [Ω (t− t0)], (52)
where a0 is a positive constant of integration, a0 > 0.
The behavior of a(t) in Eq. (52) is given in Fig. 7. This
7solution is valid in between times t = − pi2Ω + t0 and t =
pi
2Ω + t0, or times that are translated from these ones by
2pin with integer n. In between times t = pi2Ω + t0 and
t = 3pi2Ω + t0, or times that are translated from these ones
by 2pin, there are no physical solutions, since the scale
factor in Eq. (52) gets imaginary values. The solution
thus represents a universe which starts expanding at t =
− pi2Ω + t0, attains a maximum value at t = t0, and then
collapses again at t = pi2Ω + t0. The importance of this
solution for a (t) stands on the fact that in the later times
of the universe expansion, where we might approximate
the distribution of matter to be vacuum and the geometry
to be flat, it is possible to obtain solutions for the scale
factor with a dependence on time different than the usual
t1/2 power-law expected in standard general relativity.
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FIG. 7. Plot of the scale factor a(t) for the case with a sim-
plified potential equation II, given in Eq. (52), for the values
Ω = 1, a0 = 1, and t0 = 0.
Assumption (50) leaves the equation for the potential,
Eq. (26), in the form
Vϕ = −3Ω2, (53)
which can be integrated to obtain
V (ϕ,ψ) = −3Ω2ϕ+ b (ψ) , (54)
where b (ψ) is an arbitrary function of ψ. With these
results, the equation for ψ, Eq. (25), can be written as
ψ¨ − 3
2
Ω tan [Ω (t− t0)] ψ˙ − ψ˙
2
2ψ
+
ψ
3
[
b′ (ψ)− 3Ω2] = 0.
(55)
In the particular case where
b (ψ) = 3Ω2ψ , (56)
the potential becomes
V (ϕ,ψ) = −3Ω2 (ϕ− ψ) , (57)
the derivatives are Vϕ = −Vψ and the last term in the
left-hand side of Eq. (55) vanishes. The equation can
then be integrated analytically to obtain a solution for ψ
of the form
ψ (t) =ψ1 sec [Ω (t− t0)]
{√
cos [Ω (t− t0)]×
×
[
ψ0
Ω√
2
−
√
2E
(
Ω
2
(t− t0) |2
)]
+
√
2 sin [Ω (t− t0)]
}2
, (58)
where ψ0 and ψ1 are constants of integration and E (a|b)
is the incomplete elliptic integral of the second kind de-
fined as E (a|b) = ∫ a
0
√
1− b sin2 θdθ. Figure 8 plots ψ
as a function of t. As for the scale factor a(t) the solu-
tion for ψ(t) is valid in between times t = − pi2Ω + t0 and
t = pi2Ω + t0, or times that are translated from these ones
by 2pin with integer n.
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FIG. 8. Plot of the function ψ(t) for the case with a simplified
potential equation II, given in Eq. (58), for Ω = 1, ψ0 = 0,
ψ1 = 1, and t0 = 0.
Finally, the equation for ϕ, Eq. (24), becomes
ϕ¨− 3
2
Ω tan [Ω (t− t0)] ϕ˙+ ψ
3
b′ (ψ)− 2
3
b (ψ) + Ω2ϕ = 0.
(59)
Choosing the same function b (ψ), see Eq. (56), Eq. (59)
simplifies to
ϕ¨− 3
2
Ω tan [Ω (t− t0)] ϕ˙+ Ω2 (ϕ− ψ) = 0. (60)
This equation does not have an analytical solution. How-
ever, it can be integrated numerically. In Fig. 9 we plot
the solution for ϕ(t) for a specific choice of the param-
eters and with ϕ(0) ≡ ϕ0 = 0 and ϕ˙(0) ≡ ϕ˙0 = 0. As
for the scale factor a(t) and for the scalar ψ(t) the solu-
tion for ϕ(t) is valid in between times t = − pi2Ω + t0 and
t = pi2Ω + t0, or times that are translated from these ones
by 2pin with integer n.
The solution is complete since k, a, ρ, p, V, ϕ, and ψ are
known.
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FIG. 9. Plot of the function ϕ(t) for the case with a simplified
potential equation II, from numerical results for the integra-
tion of Eq. (60) for Ω = 1, ψ0 = 0, ψ1 = 1, ϕ0 = 0, ϕ˙0 = 0,
and t0 = 0.
4. Solution with simplified scalar field equations
In this section, we set again the matter component to
be vacuum, ρ = p = 0, and choose a flat universe, k = 0.
For simplicity, we introduce a potential of the following
form
V = V0 (ϕ− ψ)2 , (61)
where V0 is a constant. Using this potential, the scalar
field Eqs. (24) and (25), with the notation for the Hubble
function H given in Eq. (29), simplify to
ϕ¨+ 3Hϕ˙ = 0, (62)
and
ψ¨ + 3Hψ˙ − ψ˙
2
2ψ
= 0, (63)
respectively. The first of these equations, Eq. (62), can be
integrated directly after dividing through by ϕ˙ to obtain
the equation
ϕ˙ =
ϕ0
a3
, (64)
where ϕ0 is an arbitrary constant of integration. To inte-
grate the second equation, Eq. (63), we divide it through
by ψ˙ which results in
ψ˙√
ψ
=
ψ0
a3
, (65)
where ψ0 is a constant of integration. Equating Eq. (63)
to Eq. (64), one obtains a relation between the scalar
fields given by
ψ˙
ψ0
√
ψ
=
ϕ˙
ϕ0
, (66)
which can be integrated to yield ϕ = 2ϕ0ψ0
√
ψ+ϕ1, which
upon inverting gives,
ψ =
(
ψ0
2ϕ0
)2
(ϕ− ϕ1)2 , (67)
where ϕ1 is a constant of integration. Inserting the po-
tential (61) in Eq. (26), we obtain a relation between the
Hubble function H, and so the scale factor, and the scalar
fields as
H˙ + 2H2 =
V0
3
(ϕ− ψ) . (68)
Inserting Eq. (67) into Eq. (68) we obtain
H˙ + 2H2 =
V0
3
[
ϕ−
(
ψ0
2ϕ0
)2
(ϕ− ϕ1)2
]
. (69)
Now, after differentiating Eq. (69) with respect to time,
using Eq. (64) to cancel the ϕ˙ term, and deriving again
with respect to time, we can write Eq. (69) as
...
H + 7H¨H + 4H˙
2 + 12H˙H2 = −V0ψ
2
0
6a6
. (70)
This is a fourth degree nonlinear differential equation
for a. It may not have an analytical general solu-
tion, but one can try a particular solution through an
ansatz of the form a = a0t
α, for a0 a constant and
α a number. This ansatz put into Eq. (70) leads to(−12α3 + 18α2 − 6α) 1t4 = −V0ψ206a60 1t6α . Equating the ex-
ponents gives α = 2/3. So the scale factor a(t) behaves
as
a(t) = a0 t
2/3 (71)
This solution is plotted in Fig. 10. Moreover, one finds
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FIG. 10. Plot of the scale factor a(t) for the case with sim-
plified scalar field equations, given in Eq. (71), for the values
a0 = 1, and t0 = 0.
that 12α3−18α2 +6α = − 49 , and so equating the factors
9of the equation above yields a constraint for the constants
appearing in Eq. (70), namely,
V0ψ
2
0
6a60
= −4
9
. (72)
The solution for the scale factor, Eq. (52), allows us to
integrate Eqs. (64) and (66) directly over time, leading
to the following solutions for the scalar fields
ϕ (t) = − ϕ0
a30t
+ ϕ1, (73)
and
ψ (t) =
(
− ψ0
2a30t
+
ψ1
2
)2
, (74)
respectively.These solutions are plotted in Figs. 11 and
12, respectively. This solution is interesting because, for
0.0 0.2 0.4 0.6 0.8 1.0
-12
-10
-8
-6
-4
-2
0
t-t0
φ(t)
FIG. 11. Plot of the scalar field ϕ(t) for the case with sim-
plified scalar field equations, given in Eq. (73), for the values
ϕ0 = ϕ1 = 1, and t0 = 0.
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FIG. 12. Plot of the scalar field ψ(t) for the case with sim-
plified scalar field equations, given in Eq. (74), for the values
ψ0 = ψ1 = 1, and t0 = 0.
a universe dominated by matter, i.e., p = 0, one expects
the scale factor to behave as t
2
3 , in this case we obtain
this behavior considering ρ = 0.
The solution is complete since k, a, ρ, p, V, ϕ, and ψ are
known.
5. Solution with nonflat geometry
In this section, we set again the matter component to
be vacuum, ρ = p = 0. Now, we consider a nonflat
geometry, i.e.,
k = 1,−1 . (75)
Looking at Eq. (26), we can try to find a simplified equa-
tion for the potential considering that the first three
terms inside the brackets cancel each other. Using
Eq. (29) this ansatz can be written as
H˙ + 2H2 +
k
a2
= 0 . (76)
Equation (76) is in fact a nonlinear ordinary differential
equation of the second order for a (t). Integrating this
equation, we find the solution
a (t) =
√
a20 − k2 (t− t0)
k
, (77)
where k is one of the two values given in Eq. (75), a0 and
t0 are constants of integration, and we have not consid-
ered the solution with negative sign for the scale factor
a(t). Notice that for k = 1, there is an end value of t,
given by te = a
2
0 + t0, for which the scale factor drops to
zero, ending the solution, as for t > te it becomes a pure
imaginary number. The same happens for k = −1 when
t < te. Therefore, the solution for k = 1 is only defined
for −∞ < t < te and the solution for k = −1 is only
defined for te < t < +∞, see Fig. 13. We know from
observations that k ∼ 0 is a very good approximation.
However, the field equations (14) depend on k in such a
way that if k varies even slightly from 0, the structure of
the equations changes dramatically. The relevance of the
solution we have found, therefore, is to provide a glimpse
of the role of spatial curvature in these theories.
Taking into account Eq. (76), the equation for the po-
tential, Eq. (26), reduces to Vϕ = 0. This can be directly
integrated over ϕ to obtain
V (ϕ,ψ) = b (ψ) , (78)
where b (ψ) is an arbitrary function of ψ. With these
results, we further assume b′ (ψ) = 0, i.e., b (ψ) = V0, so
that
V (ϕ,ψ) = V0, (79)
with V0 is a constant,
Then, Eq. (25) becomes
ψ¨ +
2k2 (t− t0)
k2 (t− t0)2 − a20
ψ˙ − ψ˙
2
2ψ
= 0. (80)
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FIG. 13. Plot of the scale factor (77) for a0 = 1, t0 = 0.
This equation can be solved analytically and we obtain
ψ (t) =
ψ1
a20 − k2 (t− t0)2
[(
a40ψ0k
2 + 1
)
(t− t0)2
− a60ψ0
]
e
2 tanh−1
[
t−t0
a20
√
ψ0
√
a20−k2(t−t0)2
]
, (81)
where ψ0 and ψ1 are constants of integration.
On the other hand, Eq. (24), simplifies to
ϕ¨− 3k
2 (t− t0)
a20 − k2 (t− t0)2
ϕ˙− 2
3
V0 = 0. (82)
This equation is once again decoupled from ψ and can be
integrated directly to obtain
ϕ (t) =ϕ1 +
t− t0
12a20k
√
a20 − k2 (t− t0)2
×
3a40V0 tan−1
 k (t− t0)√
a20 − k2 (t− t0)2
 (83)
+k
(
a20V0 (t− t0)
√
a20 − k2 (t− t0)2 + ϕ0
)]
,
where ϕ0 and ϕ1 are constants of integration. The solu-
tions for ψ (t) and ϕ (t) are plotted in Figs. 14 and 15,
respectively.
The solution is complete since k, a, ρ, p, V, ϕ, and ψ are
known.
6. Solution with perfect fluid matter
In this section we assume the presence of a perfect
fluid, Eq.(20), with an equation of state as given in
Eq. (27). Then Eq. (28) provides solutions for ρ and
p as
ρ = ρ0a
−3(1+w) , (84)
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FIG. 14. Plot of the scalar field ψ(t) for the case with nonflat
geometry, given in Eq. (81), for the values ψ0 = ψ1 = a0 = 1,
and t0 = 0.
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FIG. 15. Plot of the scalar field ϕ(t) for the case with nonflat
geometry, given in Eq. (83), for the values ϕ0 = ϕ1 = a0 =
V0 = 1, and t0 = 0.
p = p0a
−3(1+w), (85)
respectively, where ρ0 and p0 are constants of integra-
tion that are related to each other by the equation of
state (27). We also assume a flat universe, k = 0.
Now, using Eqs. (84) and (85) we have that the energy-
momentum tensor Tab has the trace T given by T =
(−ρ+ 3p) = −ρ0 (1− 3w) a−3(w+1). Then Eq. (24) be-
comes
ϕ¨+3Hϕ˙−1
3
[2V − ψVψ − ϕVϕ] = κ
2ρ0
3
(1− 3w) a−3(w+1).
(86)
In addition, Eq. (25) for ψ and Eq. (26) for Vϕ remain
the same. So, we just have to solve Eq. (86) for any of the
particular cases discussed before, the other functions re-
maining the same. We consider two cases, namely, the de
Sitter expansion of Sec. III B 1 and the simplified equa-
tion for the potential I of Sec. III B 2.
If we assume a de Sitter expansion, see Sec. III B 1,
then the results from Eq. (30) to (37) hold, in particular
a(t) behaves as in Fig. 1 and ϕ(t) as in Fig. 3. However,
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instead of Eq. (38) and the corresponding Fig. 2, we have
to solve Eq. (86), which can be integrated analytically to
yield
ϕ (t) =−
κ2ρ0
(
a0e
√
Λt
)−3w
e−3
√
Λt
3a30Λ (4 + 3w)
+ψ0e
−6√Λt0 − 2
7
ψ0e
−6√Λt (87)
−2ψ0e−3
√
Λ(t+t0) + ϕ0e
−4√Λt + ϕ1e
√
Λt.
This solution is plotted in Fig. 16.
If we assume a simplified equation for the potential I,
see Sec. III B 2, then the results from Eq. (39) to (46) also
hold, in particular a(t) behaves as in Fig. 4 and ϕ(t) as in
Fig. 6. Again, instead of Eq. (47) and the corresponding
Fig. 5, we have to solve Eq. (86), which can be integrated
analytically to yield
ϕ (t) =
2
15
V0 (t− t0)2 − ϕ0√
2 (t− t0)
+ ϕ1
−2κ
2ρ0 (t− t0)
3a20(3w − 2)
(
a0
√
2 (t− t0)
)−(3w+1)
. (88)
This solution is plotted in Fig. 17.
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FIG. 16. Plot of the scalar field ϕ(t) for the de Sitter case
with perfect fluid matter, given in Eq. (87), for the values
κ = ρ0 = a0 = Λ = ψ0 = ϕ0 = ϕ1 = 1, and t0 = w = 0.
The solutions are complete since k, a, ρ, p, V, ϕ, and ψ
are known.
IV. PULLING THE PREVIOUS SOLUTIONS
INTO GENERALIZED HYBRID GRAVITY AND
THE FORM OF f (R,R)
A. The main equation for generalized hybrid
gravity
It is useful to obtain the form of the function f (R,R)
in all the previous cases as the scalar-tensor form of the
theory is only a derived form and used to provide an
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FIG. 17. Plot of the scalar field ϕ(t) for the case with a
simplified potential equation with perfect fluid matter, given
in Eq. (88), for the values κ = ρ0 = a0 = V0 = ϕ0 = ϕ1 = 1,
and t0 = w = 0.
easier platform to perform the calculations. To obtain
f (R,R), we are going to use the definition of the poten-
tial given by Eq. (10). If we replace here the definitions
of the scalar fields given in Eqs. (8) and (9), we obtain a
partial differential equation for f as
V (fR, fR) = −f (R,R) + fRR+ fRR, (89)
where the subscripts R and R represent derivatives with
respect to these variables, respectively.
As we have seen in the previous section the solutions
for the scalar field can have zeros and assume a nega-
tive sign. While this does not compromise the physical
meaning of the solution in the generalized hybrid gravity
picture (in this picture the scalar fields are not real mat-
ter fields) it can lead to further constraints on the form
of the action. One might require that the derivatives
of f , which correspond to the scalar fields by Eqs. (8)
and (9), are never zero. In this case the solution we have
found will only be meaningful in the intervals in which
the scalar field have a fixed sign.
Let us now analyze this equation for the various forms
of the potential obtained so far.
B. The previous solutions pulled into the
generalized hybrid gravity
1. The de Sitter solution
The potential obtained in Sec. III B 1 is given by V =
12Λ (ϕ− ψ) and therefore Eq. (10) can be written as
f (R,R) = fR (R− 12Λ) + fR (R− 12Λ) . (90)
Defining two new variables as R¯ = R − 12Λ and R¯ =
R−12Λ, the derivatives of the function f remain the same
for the new variables and the equation can be written in
a simpler manner as f
(
R¯, R¯) = fR¯R¯ + fR¯R, which has
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a general solution of the form f
(
R¯, R¯) = g (R¯/R¯) R¯,
where g is an arbitrary function. Coming back to the
variables R and R, we obtain
f (R,R) = g
(R− 12Λ
R− 12Λ
)
(R− 12Λ) , (91)
where g is still an arbitrary function. As an example, let
us consider a function g of the form
g
(R− 12Λ
R− 12Λ
)
= exp
(
R− 12Λ
R− 12Λ
)
. (92)
Inserting this function g into Eq. (91) to obtain f , in-
serting the result into Eq. (89) and using the definitions
of the scalar fields given by Eqs. (8) and (9), we recover
the result V = 12Λ (ϕ− ψ) for the potential and, con-
sequently, the solutions for the scalar fields are the ones
obtained in Sec. III B 1.
However, not all forms of the function g can be used
to obtain the correct solutions. Take for example a func-
tion g of a power-law form, i.e., g
(
R−12Λ
R−12Λ
)
=
(
R−12Λ
R−12Λ
)γ
,
where the exponent γ is a number. This form of the func-
tion g is compatible with Eq. (90) but it does not possess
the solution we have reconstructed. This is due to the
fact that the relationship between the scalar fields and
the Ricci scalars given by ϕ (R,R) and ψ (R,R) cannot
be inverted to obtain R (ϕ,ψ) and R (ϕ,ψ). The equiv-
alence between the metric and the scalar-tensor repre-
sentations breaks down and one cannot immediately say
that the theory will have the solutions reconstructed.
2. Solution with a simplified potential equation I
The potential obtained in Sec. III B 2 is given by V =
V0, a constant. We can then write Eq. (10) as
f (R,R) = fRR+ fRR− V0. (93)
This equation has a general solution of the form
f (R,R) = −V0 + g
(R
R
)
R, (94)
where g is again an arbitrary function. As an example,
let us consider a function g of the form
g
(R
R
)
= exp
(
R
R
)
. (95)
This exponential form allows us to invert the relation
between the scalar fields and the Ricci tensors given by
ϕ (R,R) and ψ (R,R) to obtain R (ϕ,ψ) and R (ϕ,ψ),
and therefore we recover the constant potential V0 and
the solutions for the scalar fields presented in Sec. III B 2.
Interestingly, in this case the power-law form for the func-
tion g, i.e., g
(R
R
)
=
(R
R
)γ
, also allows us to invert the
relation between the scalar fields and the Ricci tensors.
3. Solution with a simplified potential equation II
The simple potential obtained in Sec. III B 3 is given
by V = −3Ω2 (ϕ− ψ), see Eq. (57). This potential is of
the same form of the one obtained in Sec. III B 1 where
the only difference is the factor −3Ω2 instead of 12Λ.
Therefore, the procedure to obtain the function f is the
same as in Sec. IV B 1 and the solution is
f (R,R) = g
(R+ 6c
R+ 6c
)
(R+ 6c) . (96)
where g is an arbitrary function.
4. Solution with simplified scalar field equations
The potential obtained in Sec. III B 4 is given by V =
V0 (ϕ− ψ)2. With this potential, Eq. (10) can be written
as
f (R,R) = fRR+ fRR− V0 (fR + fR)2 . (97)
This equation is a particular case of the Clairaut equa-
tion, with a general solution of the form
f (R,R) = RC1 +RC2 − V0 (C1 + C2)2 , (98)
where C1 and C2 are arbitrary constants of integration.
5. Solution with nonflat geometry
The potential obtained in Sec. III B 5 is given by V =
V0, a constant potential. This is the same potential as in
Sec. III B 2 and therefore the procedure to find the func-
tion f is the same and the solution is given by Eq. (94).
6. Solution with perfect fluid matter
In Sec. III B 6 we presented two different solutions with
perfect fluid matter. These solutions were generaliza-
tions of the solutions obtained in Secs. III B 1 and III B 2,
where the potentials were given by V = 12Λ (ϕ− ψ) and
V = V0, respectively. Therefore, the solutions for the
function f remain the same, given by Eqs. (91) and (94)
respectively.
V. CONCLUSIONS
In this paper, we devised a number of reconstruc-
tion strategies to obtain new exact cosmological solutions
in the context of the generalized hybrid metric-Palatini
gravity. This theory can be recast in a scalar-tensor the-
ory with two scalar fields whose solutions can be com-
puted analytically for a convenient choice of the poten-
tial or the scale factor. Using the new methods we ob-
tained a number of physically interesting solutions in-
cluding power-law and exponential scale factors.
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These solutions reveal some crucial differences not only
with respect to GR but also to f(R) gravity. For example
it becomes evident that a given behavior of the scale fac-
tors in vacuum has always a counterpart in the presence
of a perfect fluid, as shown in Sec. III B 6.
The impact in terms of the interpretation of the cos-
mological dark phenomenology via this class of theories
is clear: a negligible matter distribution still gives rise to
expansion laws which are compatible with the observa-
tions without requiring the total baryonic matter to be
a relevant percentage of the total energy density. This is
particularly important in the case of the de Sitter solu-
tion given in Sec. III B 1, because it implies that in these
theories inflation could start even if matter is not negligi-
ble, and in the result of Sec. III B 4, which shows that in
these theories matter is not central to obtain the classical
t2/3 Friedmann solution.
Another interesting aspect of the solutions we found
concern the behavior of vacuum cosmology and the role
of the spatial curvature. In the first case, see Sec. III B 3,
we obtained that the generalized hybrid metric-Palatini
theory can have a surprisingly complex behavior in the
flat vacuum case. This has important consequences in
terms, for example, of the far future of the cosmological
models and the meaning of the cosmic no hair theorem
in this framework.
Like in any higher order model, in the generalized hy-
brid metric-Palatini theory the spatial curvature has an
important role. Even small deviations from perfect flat-
ness are able to change dramatically the evolution of the
cosmology. The result of Sec. III B 5 gives us a glimpse
of these differences and their magnitude, showing that
vacuum closed models will collapse, whereas open ones
expand forever both with a relatively simple expansion
law.
It is also interesting to note that our results imply that
generalized hybrid metric-Palatini gravity can generate a
de Sitter evolution without the appearance of an explicit
cosmological constant in the action. Instead, the pres-
ence of such a constant leads, throughout our method, to
solutions which are radiationlike, see Sec. III B 2. This
result gives us information on the properties of effec-
tive dark fluid related to the non Hilbert-Einstein terms
present in this theory. It also implies, by the cosmological
no-hair theorem, that these solutions should be unstable.
The stability of the other solutions we have found cannot
be obtained with the same ease. This is a limitation of
the reconstruction in general. It allows to obtain some
exact solution but it does not offer information on their
stability which has to be investigated with different ap-
proaches.
Our results suggests that the hybrid theory space is a
priori large and requires further investigation not only in
terms of the exploration of the solution space, but also in
terms of the stability of these solutions. A final thought
should be spent on the role of our results for the testabil-
ity of this class of theory. It is clear that the solutions we
have found can be used to perform a number of cosmolog-
ical tests, e.g., the ones based on distances, for example.
However, a more complete use of the accuracy of the cur-
rent observations, such as cosmic microwave background
anisotropies, requires a full analysis of the cosmological
perturbations which is well outside of the scope of our
contribution.
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